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In this paper, we study the absolute normalized norms on  n. We show that the
set of all absolute normalized norms on  n is in one-to-one correspondence with
the set  of all continuous convex functions on  with some suitable conditions,n n
Ž . n1 Žwhere   s , . . . , s  ; s  s  s  1, s  0 1 i nn 1 n1 1 2 n1 i
.4 n1 . As some applications, we show that an absolute norm on  is strictly convex if
and only if the corresponding function  on  is strictly convex. Further, wen
consider the von NeumannJordan constant of  n with an absolute normalized
norm.  2000 Academic Press
1. INTRODUCTION
  nA norm  on  is said to be absolute if
n     x , x , . . . , x  x , x , . . . , x  x , x , . . . , x  ,Ž . Ž .Ž . Ž .1 2 n 1 2 n 1 2 n
1 This work was supported in part by a Grand-in-Aid for Scientific Research, Japan Society
for the Promotion of Science.
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Ž . Ž . Ž .and normalized if 1, 0, . . . , 0  0, 1, 0, . . . , 0    0, . . . , 0, 1 
 1. The l -norms  are such examples:pp
1pp p p     x  x   x if 1 p ,Ž .1 2 nx , x , . . . , x Ž . p1 2 n ½      max x , x , . . . , x if p .Ž .1 2 n
Let AN be the family of all absolute normalized norms on  n. Bonsal andn
	 
Duncan 3 showed the following characterization of absolute normalized
norms on 2. Namely, the set AN of all absolute normalized norms on 22
is in one-to-one correspondence with the set  of all continuous convex2
	 
 Ž . Ž .  4 Ž .functions on 0, 1 satisfying  0   1  1 and max 1 t, t   t  1
Ž . Ž 	 
.0 t 1 cf. 9 . The correspondence is given by
 t  1 t , t 0 t 1 . 1Ž . Ž . Ž . Ž .
Indeed, for any  , we define2
  w
   z  w  z , w  0, 0Ž . Ž . Ž .Ž . ž /   z  wz , w Ž .  0 z , w  0, 0 .Ž . Ž .Ž .
    Ž .Then  AN and  satisfies 1 . From this result, we have plenty 2
of concrete absolute normalized norms of 2 which is not l -type.p
In this paper, we generalize this result to  n. Namely, we consider the
characterization of AN on  n using the notion of convex functions on  ,n n
where
  s , . . . , s  n1 ; s  s  s  1, s  0Ž .n 1 n1 1 2 n1 i
1 i n 1 .Ž . 4
We define the set  of all continuous convex functions on  whichn n
satisfy the following conditions:
 0, 0, . . . , 0   0, 1, 0, . . . , 0     0, . . . , 0, 1  1 AŽ . Ž . Ž . Ž .0
 s , . . . , s  s  sŽ . Ž .1 n1 1 n1
s s1 n1
  , . . . , AŽ .1ž /s  s s  s1 n1 1 n1
s s2 n1
 s , . . . , s  1 s  0, , . . . , AŽ . Ž . Ž .1 n1 1 2ž /1 s 1 s1 1
. .. .. .
s s1 n2
 s , . . . , s  1 s  , . . . , , 0 . AŽ . Ž . Ž .1 n1 n1 nž /1 s 1 sn1 n1
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  nFor 1 p , the l -norm  on  is an absolute normalizedpp
norm and so the associated function  is defined byp
 s , s , . . . , sŽ .p 1 2 n1
1pp n1 p p1Ý s  s  s if 1 p ,Ž .ž /i1 i 1 n1
n1max 1Ý s , s , . . . , s if p .Ž .i1 i 1 n1
In Theorem 3.4, we show that AN and  are in one-to-one correspon-n n
dence under the following equation:
n1
 s , . . . , s  1 s , s , . . . , s s , . . . , s   .Ž . Ž .Ž .Ý1 n i 1 n1 1 n1 nž /
i1
2Ž .
That is, for a given  , we definen
x , . . . , xŽ . 1 n
    x x2 n
   x   x  , . . . ,Ž .1 n ž /       x   x x   x1 n 1 n
if x , . . . , x  0, . . . , 0 ,Ž . Ž .1 n0 if x , . . . , x  0, . . . , 0 .Ž . Ž .1 n
    Ž .Then  AN and  satisfies 2 . n
As some applications, we characterize the strict convexity of absolute
n   nnorms on  . We say that the norm  on  is strictly convex if, for all
n     Ž . x, y such that x y and x  y  1, we have x y 2   
 1. Then the norm  is strictly convex on  if and only if the n
ŽŽ .corresponding function  is strictly convex in the sense that  1 c s
. Ž . Ž . Ž . Ž . Žct  1 c  s  c t for any s, t  s t and for any c 0 cn
. 1 .
Further, we estimate the von NeumannJordan constant of  n with an
absolute normalized norm. The notion of the von NeumannJordan con-
Ž .stant of Banach spaces hereafter referred to as the NJ constant was
	 
introduced by Clarkson in 5 and it has been studied by several authors
Ž 	 
 . Ž .cf. 58, 10 , etc. . The NJ constant C X of a Banach space X is theNJ
smallest constant C for which
  2   21 x y  x y
  C2 2C    2 x  yŽ .
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holds for all x, y X, not both 0. In 9 , we calculated and estimated the
NJ constant of 2 with an absolute normalized norm. In this paper, we
consider the NJ constant of  n with an absolute normalized norm.
2. ABSOLUTE NORMS ON 3
In this section, we consider the result in the case of 3. The reason for
this is that the result for 3 illustrates all the mechanisms involved in the
induction to follow.
  3A norm  on  is said to be absolute if
3     x , y , z  x , y , z  x , y , z Ž . Ž .Ž . Ž .
Ž . Ž . Ž .and normalized if 1, 0, 0  0, 1, 0  0, 0, 1  1. Let AN be the3
family of all absolute normalized norms on 3. At first, we show some
basic facts about these norms.
 LEMMA 2.1. Let  AN . Then3
0, y , z  x , y , z 3Ž . Ž . Ž .
x , 0, z  x , y , z 4Ž . Ž . Ž .
x , y , 0  x , y , z . 5Ž . Ž . Ž .
In particular,
          . 1
Ž . 3Proof. For any x, y, z  , we have
1x , y , 0  x , y , z  x , y ,zŽ . Ž . Ž .2
1 x , y , z  x , y ,zŽ . Ž .Ž .2
 x , y , z .Ž .
Similarly, we have the other inequalities. This completes the proof.
Ž 	 
.          LEMMA 2.2 cf. 2 . Let any  AN . If x  x , y  y , and3 1 2 1 2
    Ž . Ž .z  z , then x , y , z  x , y , z .1 2 1 1 1 2 2 2
Ž . Ž .Proof. We may suppose that x , y , z  0 i 1, 2 . Since x , y , zi i i 1 1 1
	Ž . Ž .
belongs to the line segment x , y , z , x , y , z , we have2 1 1 2 1 1
x , y , z  x , y , z .Ž . Ž .1 1 1 2 1 1
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Ž . Ž . Ž . ŽSimilarly, we have x , y , z  x , y , z and x , y , z  x ,2 1 1 2 2 1 2 2 1 2
.y , z .2 2
We consider
  s, t : 0 s t 1, s, t 0 . 4Ž .3
 For every  AN , we put3
 s, t  1 s t , s, tŽ . Ž .
Ž .for any s, t   . Then  is a continuous convex function on 3 3
Ž . Ž . Ž . Ž .satisfying that  0, 0   1, 0   0, 1  1. Further, by 3 in Lemma
2.1, we have
 s, t  1 s t , s, t  0, s, tŽ . Ž . Ž .
s t
 s t 0, ,Ž . ž /s t s t
s t
 s t  , .Ž . ž /s t s t
Ž .By 4 in Lemma 2.1, we have
 s, t  1 s t , s, t  1 s t , 0, tŽ . Ž . Ž .
t t
 1 s 1 , 0,Ž . ž /1 s 1 s
t
 1 s  0, .Ž . ž /1 s
Ž .By 5 in Lemma 2.1, we similarly have
s
 s, t  1 t  , 0 .Ž . Ž . ž /1 t
Let  denote the family of all continuous convex functions on 3 3
Ž . Ž .satisfying the following conditions 6  9 :
 0, 0   1, 0   0, 1  1 6Ž . Ž . Ž . Ž .
s t
 s, t  s t  , 7Ž . Ž . Ž .ž /s t s t
t
 s, t  1 s  0, 8Ž . Ž . Ž .ž /1 s
s
 s, t  1 t  , 0 . 9Ž . Ž . Ž .ž /1 t
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LEMMA 2.3. Let  . Then3
11  s, t   s, t  10Ž . Ž . Ž . 3
Ž .for all s, t   .3
Ž . Ž . Ž .Proof. From 7 and 9 , we have, for any s, t   ,3
s t
 s, t  s t  ,Ž . Ž . ž /s t s t
st s t s t 1  , 0Ž . tž / ž /s t 1 s t
 s 1, 0  s.Ž .
Ž . Ž .Similarly, we have  s, t  t and  s, t  1 s t. This completes the
proof.
Remark 2.4. We take the convex function  on  by3
 4 s, t max 1 2 s, 1 2 t , 2 s 2 t 1 .Ž .
Ž .Then  is a continuous convex function on  satisfying the conditions 63
s tŽ . Ž . Ž . Ž .and 10 . Suppose that  satisfies the conditions 7  9 . Since  ,s t s  t
t sŽ . Ž . Ž . Ž . Ž .  0,   , 0  1 for every s, t   , we have from 7  9 ,31 s 1  t
2 4 s, t max s t , 1 s, 1 t  .Ž . 3
1 1 1Ž .Since  ,  , we have a contradiction. Therefore,  is not in  .33 3 3
Next, we show that AN and  are in one-to-one correspondence as3 3
follows.
 THEOREM 2.5. For each  AN , put3
 s, t  1 s t , s, t for s, t   .Ž . Ž . Ž . 3
Then  .3
Conersely, for eery  , define3
   y z      x  y  z  ,Ž . Ž .           x  y  z x  y  zx , y , z  11Ž . Ž . if x , y , z  0, 0, 0 ,Ž . Ž .0 if x , y , z  0, 0, 0 .Ž . Ž .
  Ž . Ž . Ž .Then  is in AN such that  s, t  1 s t, s, t for any s, t 3
  .3
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1  Ž . Ž .Proof. For any  , we define  by 11 . Since  s, t  from3 3
Lemma 2.3, all properties of an absolute normalized norm are clear except
the triangular inequality. For this, it is enough to show that
x , y , z  x , y , z  x , y , z  x , y , z .Ž . Ž . Ž . Ž .  1 1 1 2 2 2 1 1 1 2 2 2
To do it, it is enough to show that, if 0 p a, 0 q b and 0 r c,
then
p , q , r  a, b , c . 12Ž . Ž . Ž . 
That is, we show that, if 0 p a, 0 q b and 0 r c, then
q r
p q r  ,Ž . ž /p q r p q r
b c
 a b c  , . 13Ž . Ž .ž /a b c a b c
At first, we show that, if 0 p a, then
q r
p q r  ,Ž . ž /p q r p q r
q r
 a q r  , . 14Ž . Ž .ž /a q r a q r
Ž .Take any s, t   such that 0 s t 1. We consider the line seg-3
s t	Ž . Ž .
ment s, t , , in  . For any real number  such that 1 3s t s  t
1    Ž . , we put s  s and t  t. Then s , t is in the line segment ins t
s t	Ž . Ž .
s, t , , . Thus we haves t s  t
s , t  s, tŽ . Ž .
s t  1 s t 1  s tŽ . Ž . Ž .
 ,  s, t .Ž .ž /1 s t s t s t 1 s t
By the convexity of  ,
s t  1 s t 1  s tŽ . Ž . Ž .
  s , t   ,   s, t .Ž . Ž .ž /1 s t s t s t 1 s t
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Ž .Then we have from 7
 s, t  s , tŽ . Ž .
 s s
 s, t 1 s t  1 s tŽ . Ž . Ž .
   ,½ ž /s s 1 s t s t s t
1  s tŽ .
  s, tŽ . 51 s t
 1 s t
  s, t  s t  ,  0.Ž . Ž .½ 5ž /s 1 s t s t s tŽ .
    q  rŽ . Ž .Thus, we have  s, t s  s , t s . Put s  , t  , sp q  r p  q  r
q r   Ž , and t , respectively. Since s s t s a qa q  r a  q  r
. Ž .r  p q r  1, we have
q r q r ,  ,Ž . Ž .p q  r p  q  r a  q  r a  q  r .q q
p q  r a  q  r
Ž .This implies 14 .
Next, we show that, if 0 q b, then
q r
a q r  ,Ž . ž /a q r a q r
b r
 a b r  , . 15Ž . Ž .ž /a b r a b r
Ž .Let any s, t   such that 0 s 1. We consider the line segment3
t  	Ž . Ž .
 Ž .1, 0 , 0, in  . Then we take an element s , t   such that3 31 s
  1Ž . Ž .t s 1 s  1 s   for any 1  . Since1 s
1 s  1 t 1  1 sŽ . Ž . Ž .
 s , t  0,  s, t ,Ž . Ž .ž /s 1 s s
we have, by the convexity of  ,
1 s  1 t 1  1 sŽ . Ž . Ž .
  s , t   0,   s, t .Ž . Ž .ž /s 1 s s
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Ž .Thus we have from 8
 s, t  s , tŽ . Ž .
 1 s 1 s
 s, t 1 1 s  1 tŽ . Ž . Ž .
   0,½ ž /1 s  1 s s 1 sŽ .
1  1 sŽ .
  s, tŽ . 5s
 1 t
  s, t  1 s  0,  0.Ž . Ž .½ 5ž /s 1 s 1 sŽ .
Therefore
 s, t  s , tŽ . Ž .
 .1 s 1 s
 q  r b rPut s  , t  , s , and t , respectively.a q  r a  q  r a  b  r a  b  r
 Ž . Ž . Ž . Ž .Since t t 1 s  1 s  a b r  a q r  1, we have
q r b r ,  ,Ž . Ž .a q  r a  q  r a  b  r a  b  r .q b1 1a q  r a  b  r
Ž .Thus we have 15 . This implies that
a, q , r  a, b , r . 16Ž . Ž . Ž . 
Similarly, we show that, if 0 r c, then
a, b , r  a, b , c . 17Ž . Ž . Ž . 
Ž . Ž . Ž . Ž .Therefore, from 14 , 16 , and 17 , we have 12 .
Ž . Ž . 3 Ž .Let any x , y , z , x , y , z  . By 12 and the convexity of  , we1 1 1 2 2 2
have
x , y , z  x , y , zŽ . Ž . 1 1 1 2 2 2
 x  x , y  y , z  zŽ . 1 2 1 2 1 2
      x  x , y  y , z  zŽ . 1 2 1 2 1 2
            x  x , y  y , z  zŽ . 1 2 1 2 1 2
            x  x  y  y  z  zŽ .1 2 1 2 1 2
   y  y1 2
  ,ž            x  x  y  y  z  z1 2 1 2 1 2
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   z  z1 2 /           x  x  y  y  z  z1 2 1 2 1 2
            x  x  y  y  z  zŽ .1 2 1 2 1 2
     x  y  z1 1 1
 ½            x  x  y  y  z  z1 2 1 2 1 2
   y z1 1
 ,ž /           x  y  z x  y  z1 1 1 1 1 1
     x  y  z2 2 2
           x  x  y  y  z  z1 2 1 2 1 2
   y z2 2
 , 5ž /           x  y  z x  y  z2 2 2 2 2 2
 x , y , z  x , y , z .Ž . Ž . 1 1 1 2 2 2
 Thus,  AN . This completes the proof. 3
Remark 2.6. We consider the convex function  as in Remark 2.4.
Since  is not in  , any absolute normalized norm cannot correspond to3
Ž .this  by 11 .
3. ABSOLUTE NORMS ON  n
In this section, we consider the absolute normalized norms on  n. A
  nnorm  on  is said to be absolute if
n     x , x , . . . , x  x , x , . . . , x  x , x , . . . , x Ž . Ž .Ž . Ž .1 2 n 1 2 n 1 2 n
Ž . Ž . Ž .and normalized if 1, 0, . . . , 0  0, 1, 0, . . . , 0    0, . . . , 0, 1 
 1. The l -norms  are such examples:pp
1pp p p     x  x   x if 1 p ,Ž .1 2 nx , x , . . . , x Ž . p1 2 n ½      max x , x , . . . , x if p .Ž .1 2 n
Let AN be the family of all absolute normalized norms on  n. At first,n
we show some basic facts about these norms.
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 LEMMA 3.1. Let  AN . Thenn
0, x , x , . . . , x  x , . . . , x BŽ . Ž . Ž .2 2 n 1 n 1
x , 0, x , . . . , x  x , . . . , x BŽ . Ž . Ž .1 3 n 1 n 2
. .. .. .
x , x , . . . , x , 0  x , . . . , x . BŽ . Ž . Ž .1 2 n1 1 n n
In particular,
          . 18Ž . 1
Ž . nProof. For any x , . . . , x  , we have1 n
10, x , . . . , x  x , x , . . . , x  x , x , . . . , xŽ . Ž . Ž .Ž .2 n 1 2 n 1 2 n2
1 x , x , . . . , x  x , x , . . . , xŽ . Ž .Ž .1 2 n 1 2 n2
 x , . . . , x .Ž .1 n
Similarly, we have the other inequalities. This completes the proof.
We define the closed convex subset  of  n1 byn
  s , . . . , s  n1 ; s  s  s  1, s  0Ž .n 1 n1 1 2 n1 i
1 i n 1 .Ž . 4
 For every  AN , we definen
n1
 s , . . . , s  1 s , s , . . . , s s , . . . , s   .Ž . Ž .Ž .Ý1 n i 1 n1 1 n1 nž /
i1
19Ž .
By Lemma 3.1,  is a continuous and convex function on  satisfying then
following conditions:
 0, 0, . . . , 0   0, 1, 0, . . . , 0     0, . . . , 0, 1  1 AŽ . Ž . Ž . Ž .0
 s , . . . , s  s  sŽ . Ž .1 n1 1 n1
s s1 n1
  , . . . , AŽ .1ž /s  s s  s1 n1 1 n1
s s2 n1
 s , . . . , s  1 s  0, , . . . , AŽ . Ž . Ž .1 n1 1 2ž /1 s 1 s1 1
. .. .. .
s s1 n2
 s , . . . , s  1 s  , . . . , , 0 . AŽ . Ž . Ž .1 n1 n1 nž /1 s 1 sn1 n1
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Then we consider the set  of all continuous convex functions on n n
Ž . Ž . Ž . Ž .which satisfy the conditions A , A , A , . . . , A . For 1 p , the0 1 2 n
  nl -norm  on  is an absolute normalized norm and the associatedpp
function  is defined byp
 s , s , . . . , sŽ .p 1 2 n1
1pp n1 p p1Ý s  s  s if 1 p ,Ž .ž /i1 i 1 n1
n1max 1Ý s , s , . . . , s if p .Ž .i1 i 1 n1
LEMMA 3.2. Let  . Thenn
1
  s , s , . . . , s   s , s , . . . , s  1 20Ž . Ž . Ž . 1 2 n1 1 2 n1n
Ž .for all s , s , . . . , s   .1 2 n1 n
Ž .Proof. Let any  . By A and the convexity of  , it is clear thatn 0
Ž . Ž . Ž . Ž . s , . . . , s  1. From A , A , . . . , A , we have1 n1 0 1 n
 s , . . . , sŽ .1 n1
s s1 n1 s  s  , . . . ,Ž .1 n1 ž /s  s s  s1 n1 1 n1
s1 s  s 1Ž .1 n1 ž /s  s1 n1
s s2 n1
s  s s  s1 n1 1 n1  0, , . . . ,s s1 1ž /1 1s  s s  s1 n1 1 n1
s s2 n1 s  s  0, , . . . ,Ž .2 n1 ž /s  s s  s2 n1 2 n1
s2 s  s 1Ž .2 n1 ž /s  s2 n1
s s3 n1
s  s s  s2 n1 2 n1  0, 0, , . . . ,s s2 2ž /1 1s  s s  s2 n1 2 n1
s s3 n1 s  s  0, 0, , . . . ,Ž .3 n1 ž /s  s s  s3 n1 3 n1
 
 s  0, . . . , 0, 1  s .Ž .n1 n1
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For 1 i n 2, we similarly have
 s , . . . , s  s .Ž .1 n1 i
Finally, we have
 s , . . . , sŽ .1 n1
s s2 n1 1 s  0, , . . . ,Ž .1 ž /1 s 1 s1 1
s s3 n1s 1 s 1  s2 1 1 1 s 1  0, 0, , . . . ,Ž .1 s s2 2ž / ž /1 s 1 11 1 s 1  s1 1
s s3 n1 1 s  s  0, 0, , . . . ,Ž .1 2 ž /1 s  s 1 s  s1 2 1 2
 
 1 s  s  s  0, . . . , 0  1 s  s  s .Ž . Ž .1 2 n1 1 2 n1
Ž .Thus we have 20 . This completes the proof.
Remark 3.3. We define the convex function  on  byn
 s , . . . , sŽ .1 n1
max 1 n 1 s , . . . , 1 n 1 s , Ž . Ž .1 n1
n 1 s  s  1  1 .4Ž . Ž .1 n1
Ž . Ž .Then  is a continuous function on  satisfying A and 20 . But  isn 0
Ž . Ž .not in  , for we suppose that  satisfies the conditions A  A . Sincen 1 n
s s1 n1
 , . . . ,ž /s  s s  s1 n1 1 n1
s s2 n1  0, , . . . ,ž /1 s 1 s1 1
s s1 n2    , . . . , , 0  1ž /1 s 1 sn1 n1
Ž . Ž . Ž .for all s , . . . , s   , we have from A  A ,1 n1 n 1 n
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1 1 1Ž .Since  , . . . ,  , we have a contradiction.n n n
Our aim in this section is the following theorem.
THEOREM 3.4. AN and  are in one-to-one correspondence under Eq.n n
Ž .  19 . That is, for any  AN , putn
n1




Conersely, for a gien  , we definen
x , . . . , xŽ . 1 n
    x x2 n
   x   x  , . . . ,Ž .1 n ž /       x   x x   x1 n 1 n
if x , . . . , x  0, . . . , 0 ,Ž . Ž .1 n0 if x , . . . , x  0, . . . , 0 .Ž . Ž .1 n
    Ž .Then  AN , and  satisfies 19 . n
1Ž . Ž .Proof. By Lemma 3.2, we have  s , . . . , s   s , . . . , s  .1 n1  1 n1 n
Thus, all properties of an absolute normalized norm are clear except the
triangular inequality
x , . . . , x  y , . . . , y  x , . . . , x  y , . . . , yŽ . Ž . Ž . Ž .  1 n 1 n 1 n 1 n
in which each vector is non-zero. For this, it is enough to prove that, if
Ž .0 p  a 1 i n , theni i
p , . . . , p  a , . . . , a . 21Ž . Ž . Ž . 1 n 1 n
At first, we show that, if 0 p  a , then1 1
p , p , . . . , p  a , p , . . . , p . 22Ž . Ž . Ž . 1 2 n 1 2 n
That is, we show that if 0 p  a ,1 1
p p2 n
p  p  p  , . . . ,Ž .1 2 n1 ž /p  p p  p1 n1 1 n1
 a  p  pŽ .1 2 n1
p p2 n
  , . . . , .ž /a  p  p a  p  p1 2 n1 1 2 n1
ABSOLUTE NORMS ON  n 893
Ž .Take any s , . . . , s   such that 0 s  s  1. We con-1 n1 n 1 n1
sider the line segment
s s1 n1
0, . . . , 0 , , . . . ,Ž . ž /s  s s  s1 n1 1 n1
Ž .in  . For any real number  such that 1  1 s  s , wen 1 n1
 Ž . Ž   .put s  s 1 i n 1 . Then s , . . . , s   . Thus we havei i 1 n1 n
s , . . . , s   s , . . . , sŽ . Ž .1 n1 1 n1
1  s  sŽ .1 n1 s , . . . , sŽ .1 n11 s  s1 n1
s  s  1Ž . Ž .1 n1
1 s  s1 n1
s s1 n1
 , . . . , .ž /s  s s  s1 n1 1 n1
By the convexity of  ,
1  s  sŽ .1 n1  s , . . . , s   s , . . . , sŽ . Ž .1 n1 1 n11 s  s1 n1
s  s  1Ž . Ž .1 n1
1 s  s1 n1
s s1 n1
  , . . . , .ž /s  s s  s1 n1 1 n1
Ž .Then we have from A1
 s , . . . , s  s , . . . , sŽ . Ž .1 n1 1 n1 s s1 1
 s , . . . , s 1 1  s  sŽ . Ž .1 n1 1 n1   s , . . . , sŽ .1 n1½s s 1 s  s1 1 1 n1
s  s  1 s sŽ . Ž .1 n1 1 n1  , . . . , 5ž /1 s  s s  s s  s1 n1 1 n1 1 n1
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1 1  s  sŽ .1 n1  s , . . . , s Ž .1 n1 ž /s s 1 s  sŽ .1 1 1 n1
s  s  1Ž . Ž .1 n1
s 1 s  sŽ .1 1 n1
s s1 n1
  , . . . ,ž /s  s s  s1 n1 1 n1
 1
  s , . . . , sŽ .1 n1½s 1 s  sŽ .1 1 n1
s s1 n1 s  s  , . . . ,  0.Ž .1 n1 5ž /s  s s  s1 n1 1 n1
Thus, we have
 s , . . . , s  s , . . . , sŽ . Ž .1 n1 1 n1 . 23Ž .s s1 1
Since 0 p  a , we put1 1
p p2 n
s , . . . , s  , . . . ,Ž .1 n1 ž /a  p  p a  p  p1 2 n 1 2 n
p p2 n s , . . . , s  , . . . ,Ž .1 n1 ž /p  p p  p1 n 1 n
a  p  p1 2 n
  1,
p  p1 n
Ž .respectively. Then we have from 23
p p p p2 n 2 n , . . . ,  , . . . ,Ž . Ž .a  p  p a  p  p p  p  p p  p  p1 2 n 1 2 n 1 2 n 1 2 n .p p2 2
a  p  p p  p  p1 2 n 1 2 n
Ž .This implies 22 .
Next we show that if 0 p  a , then2 2
a , p , p , . . . , p  a , a , p , . . . , p . 24Ž . Ž . Ž . 1 2 3 n 1 2 3 n
Ž .Take any s , . . . , s   such that 0 s  1. We consider the line1 n1 n 1
segment
s s2 n1
1, 0, . . . , 0 , 0, , . . . ,Ž . ž /1 s 1 s1 1
ABSOLUTE NORMS ON  n 895
Ž   .in  . We take an element s , . . . , s   such thatn 1 n1 n
1 s s s 11 2 n1      1  .ž /1 s s s 1 s1 2 n1 1
Then we have
1 s  1 s sŽ . Ž .1 2 n1 s , . . . , s  0, , . . . ,Ž .1 n1 ž /s 1 s 1 s1 1 1
1  1 sŽ .1 s , . . . , s .Ž .1 n1s1
By the convexity of  ,
 s , . . . , sŽ .1 n1
1 s  1 s sŽ . Ž .1 2 n1  0, , . . . ,ž /s 1 s 1 s1 1 1
1  1 sŽ .1  s , . . . , s .Ž .1 n1s1
Ž .Thus we have, by A ,2
 s , . . . , s  s , . . . , sŽ . Ž .1 n1 1 n1 1 s 1 s1 1
 s , . . . , sŽ .1 n1
1 s1
1 1 s  1 s sŽ . Ž .1 2 n1  0, , . . . , ž /ž1 s s 1 s 1 s1 1 1 1
1  1 sŽ .1  s , . . . , sŽ .1 n1 /s1
 1
  s , . . . , s  1 sŽ . Ž .1 n1 1½s 1 sŽ .1 1
s s2 n1
 0, , . . . ,  0.5ž /1 s 1 s1 1
Hence we have
 s , . . . , s  s , . . . , sŽ . Ž .1 n1 1 n1 . 25Ž .1 s 1 s1 1
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Since 0 p  a , we put2 2
a p2 3
s , . . . , s  , , . . . ,Ž .1 n1 ž a  a  p  p a  a  p  p1 2 3 n 1 2 3 n
pn /a  a  p  p1 2 3 n
p p2 n s , . . . , s  , . . . ,Ž .1 n1 ž /a  p  p a  p  p1 2 n 1 2 n
a  a  p  p1 2 3 n
  1,
a  p  p1 2 n
Ž .respectively. By 25 , we have
a p p2 3 n , , . . . ,Ž .a  a  p  p a  a  p  p a  a  p  p1 2 3 n 1 2 3 n 1 2 3 n
a21 a  a  p  p1 2 3 n
p p2 n , . . . ,Ž .a  p  p a  p  p1 2 n 1 2 n .p21 a  p  p1 2 n
Ž .This implies 24 . Similarly, we can show that for 3 i n,
a , a , . . . , a , p , . . . , p  a , a , . . . , a , a , p , . . . , p .Ž . Ž . 1 2 i1 i n 1 2 i1 i i1 n
26Ž .
Ž . Ž . Ž . Ž .Therefore, by 22 , 24 , and 26 , we have 21 .
Ž . Ž . n Ž .Let any x , . . . , x , y , . . . , y  . From 21 and the convexity of1 n 1 n
 , we have
x , . . . , x  y , . . . , yŽ . Ž . 1 n 1 n
 x  y , . . . , x  yŽ . 1 1 n n
    x  y , . . . , x  yŽ . 1 1 n n
        x  y , . . . , x  yŽ . 1 1 n n
        x  y   x  yŽ .1 1 n n
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   x  y2 2
  , . . . ,ž        x  y   x  y1 1 n n
   x  yn n /       x  y   x  y1 1 n n
        x  y   x  yŽ .1 1 n n
   x   x1 n
 ½        x  y   x  y1 1 n n
   x x2 n
 , . . . ,ž /       x   x x   x1 n 1 n
   y   y1 n
       x  y   x  y1 1 n n
   y y2 n
 , 5ž /       y   y y   y1 n 1 n
 x , . . . , x  y , . . . , y .Ž . Ž . 1 n 1 n
This completes the proof.
Remark 3.5. We consider the convex function  as in Remark 3.3.
Since  is not in  , any absolute normalized norm cannot correspond ton
Ž .this  by 19 .
Ž . Ž . ŽWe write 	  if 	 s , . . . , s   s , . . . , s for all s , . . . ,1 n1 1 n1 1
.s   . Then the correspondence of Theorem 3.4 preserves this ordern1 n
of  . More generally, we haven
PROPOSITION 3.6. Let 	,  such that 	  . Put
 s , . . . , sŽ .1 n1
M max .
	 s , . . . , sŽ . Ž .s , . . . , s  1 n11 n1 n
Then
        M  .	  	
Ž . nProof. For any x , . . . , x  ,1 n
x , . . . , xŽ . 	1 n
   x x2 n
    x   x 	 , . . . ,Ž .1 n ž /       x   x x   x1 n 1 n
   x x2 n
    x   x  , . . . ,Ž .1 n ž /       x   x x   x1 n 1 n
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 x , . . . , xŽ .Ž .1 n
   x x2 n
   M x   x 	 , . . . ,Ž .1 n ž /       x   x x   x1 n 1 n
M z , w .Ž . 	
This completes the proof.
By Theorem 3.4, we have plenty of absolute normalized norms on  n
which are non-l -norms. For example, we show some examples of absolutep
norms on  n.
'      4 Ž .EXAMPLE 3.7. Let  max  ,   , 1 n  1 . Let  be2 1
  Ž .the corresponding convex function of  . Then, for any s s , . . . , s1 n1
  ,n
 s  1 s  s , s , . . . , sŽ . Ž 1 n1 1 n1
max 1 s  s , s , . . . , s ,Ž . 1 n1 1 n1 2
 1 s  s , s , . . . , sŽ . 41 n1 1 n1 1
max  s ,  . 4Ž .2
Ž .  Ž . 4Thus we have  s max  s ,  .2
	 
       4EXAMPLE 3.8 7, Proposition 1 . Let  max  ,   for 1 2 
'   n . Since the norm  is not normalized, we put
  1     max   ,  . 40 2 
 The corresponding function  of  is0
 s max 1 s ,  s .Ž . Ž . Ž . 42 
Ž .EXAMPLE 3.9. Let a a , . . . , a   . We define the convex1 n1 n
function  on  byn
 4 s max 1 a s  a s , s , . . . , s .Ž .a 1 1 n1 n1 1 n1
Then it is easy to check that   . By Theorem 3.4, the correspondinga n
 absolute norm  of  isa a
x , . . . , xŽ .1 n a
         max x  1 a x   1 a x , x , . . . , x . 4Ž . Ž .1 1 2 n1 n 2 n
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4. STRICT CONVEXITY OF ABSOLUTE NORMS ON  n
 We say that the norm  of a Banach space X is strictly convex if,
      	 
whenever x and y are not colinear, then x y  x  y . As in 1 ,
 the norm  is strictly convex if, for all x, y X such that x y and
x y     x  y  1, we have  1. A function  on  is called strictlyn2
Ž . Ž . ŽŽ .conex if, for any s, t  s t and for any c 0 c 1 ,  1 c sn
. Ž . Ž . Ž . Ž ct  1 c  s  c t note that for a continuous function  this
.is equivalent to the midpoint strict convexity .
Ž . n     Ž    .For x x , . . . , x  , we define x by x  x , . . . , x . We say1 n 1 n
           that x  y if x  y for 1 j n. Further, we say that x  y ifj j
       x  y and x  y for some j. Then we have the following lemma.j j
Ž . Ž . nLEMMA 4.1. Let  and let x x , . . . , x , y y , . . . , y  .n 1 n 1 n
Then
Ž .        1 If x  y , then x  y . 
Ž .        2 If  is strictly conex and x  y , then x  y . 
Ž . 	Proof. 1 This is clear from the proof of Theorem 3.4 or 2, Proposi-

tion IV.1.1 .
Ž . Ž . Ž . n2 Let p p , . . . , p , a a , . . . , a  . As in the proof of1 n 1 n
Ž .    Theorem 3.4, we only prove that, if 0 p  a 1 i n and p  a ,i i
   then p  a . At first, we show that if 0 p  a , then  1 1
p , p , . . . , p  a , p , . . . , p . 27Ž . Ž . Ž . 1 2 n 1 2 n
Ž . Ž .As in the proof of 22 in Theorem 3.4, take any s , . . . , s   such1 n1 n
that 0 s  s  1. For any real number  such that 1 1 n1
Ž .  Ž . Ž   .1 s  s , we put s  s 1 i n 1 . Then s , . . . , s 1 n1 i i 1 n1
 . By the strict convexity of  ,n
1  s  sŽ .1 n1  s , . . . , s   s , . . . , sŽ . Ž .1 n1 1 n11 s  s1 n1
s  s  1Ž . Ž .1 n1
1 s  s1 n1
s s1 n1
  , . . . , .ž /s  s s  s1 n1 1 n1
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Ž .Then we have from A1
 s , . . . , s  s , . . . , sŽ . Ž .1 n1 1 n1 s s1 1
 s , . . . , s 1 1  s  sŽ . Ž .1 n1 1 n1
   s , . . . , sŽ .1 n1½s s 1 s  s1 1 1 n1
s  s  1 s sŽ . Ž .1 n1 1 n1  , . . . , 5ž /1 s  s s  s s  s1 n1 1 n1 1 n1
 0.
Thus, we have
 s , . . . , s  s , . . . , sŽ . Ž .1 n1 1 n1
 . 28Ž .s s1 1
Since 0 p  a , we put1 1
p p2 n
s , . . . , s  , . . . ,Ž .1 n1 ž /a  p  p a  p  p1 2 n 1 2 n
p p2 n s , . . . , s  , . . . ,Ž .1 n1 ž /p  p p  p1 n 1 n
1 a  p  p1 2 n
   1,
s  s p  p1 n1 1 n
Ž .respectively. Then we have from 28
p p p p2 n 2 n , . . . ,  , . . . ,Ž . Ž .a  p  p a  p  p p  p  p p  p  p1 2 n 1 2 n 1 2 n 1 2 n .p p2 2
a  p  p p  p  p1 2 n 1 2 n
Ž .This implies 27 .
Similarly, we show that, for 2 i n, if 0 p  a , theni i
a , . . . , a , p , . . . , p  a , a , . . . , a , a , p , . . . , p .Ž . Ž . 1 i1 i n 1 2 i1 i i1 n
29Ž .
Ž . Ž .Therefore, by 27 and 29 , this completes the proof.
Our main theorem is the following.
 THEOREM 4.2. Let  . Then  is strictly conex if and only if n
is strictly conex on  .n
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 Proof. Suppose that  is strictly convex on  . If  is not strictly n
Ž . Ž . Ž .convex, then there exist s s , . . . , s , t t , . . . , t   s t1 n1 1 n1 n
s t 1Ž . Ž Ž . Ž .. Žsuch that    s   t . Put x 1s  s , s , . . . ,1 n1 12 2
. Ž .s and y 1 t  t , t , . . . , t , respectively. Then we haven1 1 n1 1 n1
 x y  2 s  t   s  t ,Ž . Ž .Ž 1 1 n1 n1
s  t , . . . , s  t . 1 1 n1 n1
s  t s  t1 1 n1 n1 2 1   ,ž 2 2
s  t s  t1 1 n1 n1
, . . . , /2 2 
s t
 2   s   tŽ . Ž .ž /2
 1 s  s , s , . . . , sŽ . 1 n1 1 n1
 1 t  t , t , . . . , tŽ . 1 n1 1 n1
    x  y . 
 Since  is strictly convex, x and y are colinear; that is, there exists a
positive real number k such that x ky. This implies that k 1 and so
x y. Hence s t. We have a contradiction. Therefore,  is strictly
convex on  .n
Conversely, we suppose that  is strictly convex on  . Take anyn
Ž . Ž . n Ž .  non-zero x x , . . . , x , y y , . . . , y  x y such that x 1 n 1 n
 y  1. Put
   x x2 n
s , . . . , andž /       x   x x   x1 n 1 n
   y y2 n
t , . . . , ,ž /       y   y y   y1 n 1 n
respectively. Then s, t  . Suppose that s t. The we have by Lemman
Ž .4.1 1 and the strict convexity of  ,
 x y  x  y , . . . , x  yŽ . 1 1 n n
    x  y , . . . , x  yŽ . 1 1 n n
        x  y , . . . , x  yŽ . 1 1 n n
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        x  y   x  yŽ .1 1 n n
   x  y2 2
  , . . . ,ž        x  y   x  y1 1 n n
   x  yn n /       x  y   x  y1 1 n n
        x  y   x  yŽ .1 1 n n
   x   x1 n
 ½        x  y   x  y1 1 n n
   x x2 n
 , . . . ,ž /       x   x x   x1 n 1 n
   y   y1 n
       x  y   x  y1 1 n n
   y y2 n
 , . . . , 5ž /       y   y y   y1 n 1 n
 x , . . . , x  y , . . . , yŽ . Ž . 1 n 1 n
    x  y  2. 
x y      Ž .Thus,  1. Next, we suppose that s t. Then x  y 1 j n . j j2
Ž . i
 jHence there exists a positive number 
 0 
  2 such that x  e y .j j j j
Since x y, there exists a j such that x  y . Thus 0 
  2 .0 j j j0 0 0
 i
 j  Ž .0Putting c 1 e 2, then 0 c 1. Therefore, by Lemma 4.1 2 ,
 x y  x  y , . . . , x  yŽ . 1 1 n n




1 j n           0 1 e y , . . . , 1 e y , . . . , 1 e yŽ .1 j n 0
      2 y , . . . , 2c y , . . . , 2 yŽ .1 j n 0
      2 y , . . . , c y , . . . , yŽ .1 j n 0
      2 y , . . . , y , . . . , yŽ .1 j n 0
 2.
x y Therefore, we have  1. This completes the proof.2
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5. NJ CONSTANT OF  n
In this section, we estimate the von NeumannJordan constant of  n as
	 
 Ž .a generalization of 9 . The NJ constant of a Banach or normed space X
	 
 Ž .5 , we denote it by C X , is the smallest constant C for whichNJ
  2   21 x y  x y
  C2 2C    2 x  yŽ .
holds for all x, y X, not both 0.
We summarize some basic facts about the NJ constant.
Ž . Ž .PROPOSITION 5.1. 1 If X is a Banach space, then 1 C X  2. InNJ
Ž . Ž 	 
.particular, C X  1 if and only if X is a Hilbert space cf. 6 .NJ
Ž . Ž . Ž 	 
.2 C X  2 if and only if X is uniformly non-square cf. 7, 10 .NJ
Ž .  Ž . Ž .3 If 1 p  and 1p 1p  1, then C L  C l NJ p NJ p
Ž2 t .1  4 	 
2 , where tmin p, p 5 .
  n Ž . ŽŽ n  ..For a norm  on  , we write C  for C  ,  . We firstNJ NJ
consider the comparable case with  .2
THEOREM 5.2. Let  .n
Ž .1 If   , then2
2
 tŽ .
 C   max . 30Ž .Ž .NJ 2t  tŽ .n 2
Ž .2 If   , then2
2
 tŽ .2
 C   max . 31Ž .Ž .NJ 2t  tŽ .n
Ž . Ž . Ž .Proof. 1 Put M max  t  t . Then by Proposition 3.6,1 t 2n
  2   2 2   2   2x y  x y M x y  x yŽ .  2 21
2   2   2 2 M x  yŽ .2 21
2   2   2 2 M x  y .Ž . 1
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Ž  . 2Therefore, we have C  M .NJ 1
Ž . Ž . Ž .2 Put M max  t  t . Then2 t 2n
  2   2   2   2x y  x y  x y  x y  2 2
  2   2 2 x  yŽ .2 2
2   2   2 2 M x  y .Ž . 2
Ž  . 2Thus, C  M . This completes the proof.NJ 2
	 
 Ž 2   .Remark 5.3. As in 9 , we calculated the NJ constant of  ,  .
Ž .1 If  such that   , then2 2
2
 tŽ .
 C   max .Ž .NJ 20t1  tŽ .2
Ž .2 If  such that   , then2 2
2
 tŽ .2
 C   max .Ž .NJ 20t1  tŽ .
Ž . Ž .However, if n 3, then the equalities 30 and 31 are not necessarily
valid.
For example, we consider the convex function  as in Example 3.7.
Since   , we have2
 t max  t ,  t 4Ž . Ž . Ž .2 1
M  max  max1  t  tt tŽ . Ž .n n2 2
 t  Ž .1 max  max 
 t  t  1n , . . . , 1nt tŽ . Ž . Ž .n n2 2 2
 '  n .'1n
2 2 Ž  .'If 2n  1, then M  n  2. Since 1 C   2 by1 NJ
Ž .Proposition 5.1, the equality 30 is not valid in this case.
Finally we consider the general case. That is, we have
THEOREM 5.4. Let  and putn
 t  tŽ . Ž .2
M  max and M  max .1 2 t  tt tŽ . Ž .n n2
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Then
  2 21 C  M M .Ž .NJ 1 2
Proof. For all x, y n we have
  2   2 2   2   2x y  x y M x y  x yŽ .  2 21
2   2   2 2 M x  yŽ .2 21
2 2   2   2 2 M M x  y ,Ž . 1 2
Ž  . 2 2which implies that C  M M . This completes the proof.NJ 1 2
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